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GROMOV HYPERBOLIZATION OF UNBOUNDED
NONCOMPLETE SPACES AND HAMENSTA¨DT METRIC
QINGSHAN ZHOU
Abstract. In this note, we investigate the hyperbolizations of unbounded non-
complete metric spaces associated to three hyperbolic type metrics: hyperboliza-
tion metric h introduced by Ibragimov, j˜-metric and the quasihyperbolic metric
k. We show that for such a space (X, d), ∂X ∪{∞}, ∂hX , ∂j˜X are mutually qua-
sisymmetrically equivalent with respect to the metric d and certain Hamensta¨dt
metrics on the boundaries at infinity of these two hyperbolic spaces, respectively.
Moreover, ∂X ∪ {∞} is also quasisymmetrically equivalent to Gromov boundary
∂kX equipped with certain Hamensta¨dt metric whenever X is uniform. As an
application, we get a characterization of unbounded uniform domains in Banach
spaces.
1. Introduction
Gromov’s theory of δ-hyperbolic spaces, described in [15], is based on an important
observation that the essential asymptotic properties of the classical hyperbolic space
H
n can be ensured by using a simple condition for quadruples of points. Ignoring
the local structure, Gromov introduced an inequality between arbitrary four points
in a metric space and built up a theory of general negative curvature type spaces
(now known as Gromov hyperbolic spaces). Many classical results concerning the
large scale geometry of complete, simply connected manifolds of negative curvature
(such as Hn) can be generalized to this class of hyperbolic spaces. See [2, 4, 7, 8,
12, 15, 21, 24, 26, 29] for more backgrounds and motivations on this area.
It is known that every simply connected planar domain admits a Gromov hy-
perbolic metric by pulling back the classical hyperbolic metric of the unit disk via
the Riemann mapping. Recently, Ibragimov introduced a new metric that hyper-
bolizes (in the sense of Gromov) all locally compact noncomplete metric spaces in
[21]. Subsequently, it is shown that the boundary at infinity ∂hX of (X, h) can be
identified with the metric boundary ∂X of a bounded locally compact noncomplete
metric space (X, d) via a quasisymmetric map; for the unbounded case, the extended
boundary ∂X ∪ {∞} is equipped with a chord metric, see [22, Theorem 3.1].
Following [22], by a hyperbolization of a noncomplete metric space (X, d) we mean
the following:
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Equipping X with a metric m such that the space (X,m) is Gromov hyperbolic and
the boundary at infinity ∂mX of (X,m) can be identified with the metric boundary
∂X of (X, d) via a quasisymmetric map.
The main purpose of this paper is to consider the problem for hyperbolizing
unbounded noncomplete metric spaces and complementing [1, Theorem 3.6] and
[22, Theorem 3.1]. We note that the local compactness property of the space is not
assumed throughout this note. It is known that quasisymmetric maps unbounded
sets onto unbounded sets. However, the boundary at infinity of a Gromov hyperbolic
space equipped with a common visual metric is bounded, see [4, Page 435] or [2,
Section 6].
To overcome this limitation, we need to study another kinds of Hamensta¨dt met-
rics on the boundary at infinity of a Gromov hyperbolic space. These are defined at
infinity by means of Busemann functions, for the related definitions and properties
see [7, Section 3.3]. Contrary to the case of visual metrics based at a point in X , the
boundary at infinity of a Gromov hyperbolic space X equipped with a Hamensta¨dt
metric is unbounded. It is very similar to the Poincare´ half-space model of Hn (see
[7]).
We remark that this class of metrics was firstly introduced by Hamensta¨dt [16]
for negatively pinched Hadamard manifolds and defined via horospherical distances.
In [12], Foertsch and Schroeder recently proved that ρb(ς, η) = e
−(ς|η)b is a metric
on the punctured boundary at infinity of any CAT(-1)-space X for every ξ ∈ ∂∞X
and every Busemann function b ∈ B(ξ). The notation of a Busemann function on a
Gromov hyperbolic space X is defined to be the distance function from a point ξ at
infinity ∂∞X and it is very useful in many areas. For instance, by way of Busemann
function on any CAT(-1)-space X , Foertsch and Radke [10] characterized any com-
plete CAT(κ)-spaces, κ < 0, with geodesic Hamensta¨dt boundary up to isometry.
Moreover, Foertsch and Schroeder [12] investigated the relationship between Gro-
mov hyperbolic space, CAT(-1)-space and the Ptolemy inequality on the boundary
at infinity.
One of them is called a parabolic visual metric based on the vertical geodesic in
some negatively curved solvable Lie groups in [24]. In the same paper, Shanmu-
galingam and Xie proved that all self quasi-isometries of these groups are almost
isometries, see also [26]. It also should be noted that this parabolic visual metric was
formerly named Euclid-Cygan metric by Hersonsky and Paulin [20] in the study of
the rigidity of discrete isometry groups of negatively curved spaces. With an aid of
this notation, Dymarz [8, 9] recently studied quasi-isometric rigidity of mixed type
locally compact amenable hyperbolic groups.
As our first main result, we prove that the hyperbolization metric h (see (2.7)),
which was introduced by Ibragimov in [21], hyperbolizes arbitrary unbounded non-
complete metric spaces as follows.
Theorem 1.1. Let (X, d) be an unbounded noncomplete metric space. Then there
is a natural η-quasisymmetric map
ϕ : (∂hX \ {ξ}, hb,ε)→ (∂X, d),
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where ∂hX \ {ξ} is the boundary at infinity of hyperbolic space (X, h) equipped with
a Hamensta¨dt metric hb,ε and b ∈ Bh(ξ) is a Busemann function with ϕ(∞) = ξ.
The function η depends only on ε.
Remark 1.1. We recall the definition of natural maps (cf. [1, 19, 29]). Let (X, d)
be a non-complete metric space and let m be a metric on X such that (X,m) is
Gromov hyperbolic, and let ∂∗mX be the Gromov boundary of (X,m). Let X
′ be
the one point compactification X ∪ {∞} of X if X is unbounded, and X ′ = X if
X is bounded. Then ∂X ′ = ∂X if X is bounded, and ∂X ′ = ∂X ∪ {∞} if X is
unbounded.
If the identity map id : (X,m) → (X, d) has a continuous extension ψ : ∂∗mX →
∂X ′, then ψ is called a natural map. Moreover, if such a natural map ψ exists, we
say that ∂∗mX is naturally equivalent to ∂X
′.
In addition to the classical hyperbolic metric, there are many other Gromov hy-
perbolic type metrics defined and extensively used in geometric function theory; for
instance, the quasihyperbolic metric k (see (2.4)) and the distance ratio metric j
which were introduced by Gehring and Osgood in [13]. In a recent work [17], Ha¨sto¨
demonstrated that the j˜-metric (see (2.8)) of any proper domain of Rn is always
δ-hyperbolic with a universal constant δ. As a corollary of Theorem 1.1, we get that
j˜-metric also hyperbolizes all noncomplete unbounded metric spaces as follows.
Corollary 1.1. Let (X, d) be an unbounded noncomplete metric space. Then there
is a natural η˜-quasisymmetric map
ϕ˜ : (∂j˜X \ {ξ}, j˜b,ε)→ (∂X, d),
where ∂j˜X \ {ξ} is the punctured boundary at infinity of hyperbolic space (X, j˜)
equipped with a Hamensta¨dt metric j˜b,ε and b ∈ Bj˜(ξ) is a Busemann function with
ϕ˜(∞) = ξ. The function η˜ depends only on ε.
Recently, Bonk, Heinonen and Koskela [1] worked to connect the negative cur-
vature property of uniform domains in higher dimensional Euclidean spaces Rn by
way of the quasihyperbolic metric. More general, They demonstrated that locally
compact uniform metric spaces are δ-hyperbolic with respect to the quasihyperbolic
metrics. Meanwhile, it is shown in [1, Theorem 3.6] that the metric boundary of a
bounded uniform locally compact noncomplete space (X, d) is naturally quasisym-
metrically equivalent to the boundary at infinity ∂kX of hyperbolic space (X, k)
equipped with a visual metric, where k is the quasihyperbolic metric of X .
Our next goal is to obtain an analogue of [1, Theorem 3.6] and to hyperbolize un-
bounded uniform metric spaces associated to the quasihyperbolic metric as follows.
Theorem 1.2. Let A ≥ 1 and let (X, d) be an unbounded A-uniform metric space.
Then there is a natural η-quasisymmetric map
φ : (∂kX \ {ξ}, kb,ε)→ (∂X, d),
where ∂kX \ {ξ} is the punctured boundary at infinity of hyperbolic space (X, k)
equipped with a Hamensta¨dt metric kb,ε and b ∈ Bk(ξ) is a Busemann function with
φ(∞) = ξ. The function η depends only on A and ε.
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In the same paper, Bonk, Heinonen and Koskela [1] further studied the rela-
tionships between Gromov hyperbolic domains and uniform domains of Rn. They
showed that a bounded domain in Rn is uniform if and only if it is both Gromov
hyperbolic and its Euclidean boundary is naturally quasisymmetrically equivalent to
the Gromov boundary, see [1, Theorem 1.11]. Subsequently, Va¨isa¨la¨ [29] generalized
this result to the setup of arbitrary Banach spaces and obtained a dimensional free
result: Instead of bounded domains he considered also unbounded domains, where
the quasisymmetry is replaced by quasimo¨bius.
In this note, with the aid of Theorem 1.2, we establish an unbounded analogue of
[1, Theorem 1.11] and prove that an unbounded domain in Banach space is uniform
if and only if it is both Gromov hyperbolic and its norm boundary is naturally qua-
sisymmetrically equivalent to the Gromov boundary equipped with a Hamensta¨dt
metric as follows.
Corollary 1.2. Let D be an unbounded proper domain (an open and connected set)
in a Banach space (E, | · |) with dimension dimE ≥ 2. Then D is A-uniform if and
only if (D, k) is δ-hyperbolic and there is a natural η-quasisymmetric map
φ : (∂kD \ {ξ}, kb,ε)→ (∂D, | · |),
where ∂kD \ {ξ} is the punctured boundary at infinity of hyperbolic space (D, k)
equipped with a Hamensta¨dt metric kb,ε and b ∈ Bk(ξ) is a Busemann function with
φ(∞) = ξ.
The rest of this paper is organized as follows. In Section 2, we recall some defini-
tions and preliminary results. In Section 3, the proofs of Theorem 1.1 and Corollary
1.1 are given. Finally, our goal in Section 4 is to show Theorem 1.2 and Corollary
1.2.
2. Preliminaries
2.1. Notations. Following [7], for a, b, c ∈ R with c ≥ 0, it is convenient to write
a
.
= b up to an error ≤ c or a
.
=c b instead of |a− b| ≤ c.
In what follows, (X, d) always denotes a metric space with the metric d. We often
write the distance between x and y as d(x, y), and d(x,A) the distance from a point
x to a set A. Also, we always denote the open (resp. closed) metric ball with center
x ∈ X and radius r > 0 by
B(x, r) = {z ∈ X : d(z, x) < r} (resp. B(x, r) = {z ∈ X : d(z, x) ≤ r}),
Let X be the metric completion of a metric space X , and ∂X = X \X denote the
metric boundary of X . By a curve, we mean a continuous function γ : [a, b] → X .
For a curve α, we let α[u, v] be the subcurve of α between two points u, v ∈ α.
The length of γ is denoted by
ℓ(γ) = sup
{ n∑
i=1
d(γ(ti), γ(ti−1))
}
,
where the supremum is taken over all finite partitions a = t0 < t1 < t2 < . . . <
tn = b. The curve is said to be rectifiable if ℓ(γ) < ∞. Also, X is called rectifiably
connected if each pair of points in the space can be joined by a rectifiable curve.
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The length function associated with a rectifiable curve γ: [a, b]→ X is sγ : [a, b]→
[0, ℓ(γ)], defined by sγ(t) = ℓ(γ|[a,t]) for t ∈ [a, b]. For any rectifiable curve γ :
[a, b]→ X , there is a unique parametrization γs : [0, ℓ(γ)]→ X such that γ = γs◦sγ.
Obviously, ℓ(γs|[0,t]) = t for t ∈ [0, ℓ(γ)]. The parametrization γs is called the
arclength parametrization of γ.
A quadruple in X is an ordered sequence Q = (x, y, z, w) of four distinct points
in X . The cross ratio of Q is defined to be the number
τ(Q) = |x, y, z, w| =
d(x, z)d(y, w)
d(x, y)d(z, w)
.
Observe that the definition is extended in the well known manner to the case
where one of the points is ∞. For example,
|x, y, z,∞| =
d(x, z)
d(x, y)
.
Definition 2.1. A homeomorphism f : (X, d)→ (Y, d′) between two metric spaces
is said to be
(1) η-quasisymmetric if there is a homeomorphism η : [0,∞)→ [0,∞) such that
d(x, y) ≤ td(x, z) implies d′(f(x), f(y)) ≤ η(t)d′(f(x), f(z))
for each t > 0 and for each triple x, y, z of points in X ;
(2) θ-quasimo¨bius if
τ(f(Q)) ≤ θ(τ(Q))
holds for each quadruple Q ⊂ X .
2.2. Gromov hyperbolic spaces. In this subsection, we give some basic informa-
tion for Gromov hyperbolic spaces, see e.g. [4, 7, 15, 30]. Let (X, d) be a metric
space. We say that X is Gromov hyperbolic, if there is a constant δ ≥ 0 such that
(x|y)w ≥ min{(x|z)w, (z|y)w} − δ
for all x, y, z, w ∈ X , where (x|y)w is the Gromov product with respect to w defined
by
(x|y)w =
1
2
[d(x, w) + d(y, w)− d(x, y)].
Definition 2.2. Suppose (X, d) is a Gromov δ-hyperbolic metric space for some
constant δ ≥ 0.
(1) A sequence {xi} in X is called a Gromov sequence if (xi|xj)w → ∞ as i,
j →∞.
(2) Two such sequences {xi} and {yj} are said to be equivalent if (xi|yi)w →∞.
(3) The Gromov boundary or the boundary at infinity ∂∞X of X is defined to be
the set of all equivalent classes.
(4) For a ∈ X and η ∈ ∂∞X , the Gromov product (a|η)w of a and η is defined
by
(a|η)w = inf
{
lim inf
i→∞
(a|bi)w : {bi} ∈ η
}
.
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(5) For ξ, η ∈ ∂∞X , the Gromov product (ξ|η)w of ξ and η is defined by
(ξ|η)w = inf
{
lim inf
i→∞
(ai|bi)w : {ai} ∈ ξ and {bi} ∈ η
}
.
We recall the following basic results about the Gromov product on Gromov hy-
perbolic spaces.
Lemma A. ([30, Lemma 5.11]) Let o, z ∈ X, let X be a δ-hyperbolic space, and let
ξ, ξ′ ∈ ∂∞X. Then for any sequences {yi} ∈ ξ, {y
′
i} ∈ ξ
′, we have
(1) (z|ξ)o ≤ lim inf i→∞(z|yi)o ≤ lim supi→∞(z|yi)o ≤ (z|ξ)o + δ;
(2) (ξ|ξ′)o ≤ lim inf i→∞(yi|y
′
i)o ≤ lim supi→∞(yi|y
′
i)o ≤ (ξ|ξ
′)o + 2δ.
For 0 < ε < min{1, 1
5δ
}, define
ρw,ε(ξ, ζ) = e
−ε(ξ|ζ)w
for all ξ, ζ in the Gromov boundary ∂∞X of X with convention e
−∞ = 0.
We now define
dw,ε(ξ, ζ) := inf
{ n∑
i=1
ρw,ε(ξi−1, ξi) : n ≥ 1, ξ = ξ0, ξ1, ..., ξn = ζ ∈ ∂∞X
}
.
Then (∂∞X, dw,ε) is a metric space with
(2.1)
1
2
ρw,ε ≤ dw,ε ≤ ρw,ε,
and we call dw,ε a visual metric of ∂∞X with base point w ∈ X and parameter ε > 0.
Next, we define another kind of visual metrics based on the Busemann function
or a point on the Gromov boundary of hyperbolic spaces. Following [7], we say that
b : X → R is a Busemann function based on ξ, denoted by b = bξ,w ∈ B(ξ) for some
w ∈ X , if for all x ∈ X , we have
b(x) = bξ,w(x) = bξ(x, w) = (ξ|w)x − (ξ|x)w.
Moreover, we define the Gromov product of x, y ∈ X based at the Busemann
function b = bξ,w ∈ B(ξ) by
(x|y)b =
1
2
(
b(x) + b(y)− d(x, y)
)
.
Similarly, for x ∈ X and η ∈ ∂∞X , the Gromov product (x|η)b of x and η is defined
by
(x|η)b = inf
{
lim inf
i→∞
(x|zi)b : {zi} ∈ η
}
.
For points (ξ1, ξ2) ∈ ∂∞X × ∂∞X \ (ξ, ξ), we define their Gromov product by using
b via the formula
(ξ1|ξ2)b = inf
{
lim inf
i→∞
(xi|yi)b : {xi} ∈ ξ1, {yi} ∈ ξ2}.
According to [7, (3.2) and Example 3.2.1], we see that
(2.2) (x|y)b
.
=10δ (x|y)ξ,w = (x|y)w − (ξ|x)w − (ξ|y)w.
Moreover, it follows from [7, Proporsition 3.2.3] that (x|y)b, (y|z)b, (x|z)b form a
22δ-triple for all x, y, z ∈ X .
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Based on these facts, we recall the definition of Hamensta¨dt metric of ∂∞X which
is based at ξ or a Busemann function b = bξ,w ∈ B(ξ). For ε > 0 with e
22εδ ≤ 2, we
define
ρb,ε(ξ1, ξ2) = e
−ε(ξ1|ξ2)b for all ξ1, ξ2 ∈ ∂∞X \ {ξ}.
Then for i = 1, 2, 3 with ξi ∈ ∂∞X \ {ξ}, we have
ρb,ε(ξ1, ξ2) ≤ e
22εδ max{ρb,ε(ξ1, ξ3), ρb,ε(ξ3, ξ2)}.
That is, db,ε is a K
′-quasimetric on ∂∞X \ {ξ} with K
′ = e22εδ ≤ 2. We now define
db,ε(x, y) := inf
{ n∑
i=1
ρb,ε(xi−1, xi) : n ≥ 1, x = x0, x1, ..., xn = y ∈ ∂∞X \ {ξ}
}
.
Again by [7, Lemma 3.3.3], it follows that (∂∞X \ {ξ}, db,ε) is a metric space with
(2.3)
1
2
ρb,ε ≤ db,ε ≤ ρb,ε.
Then db,ε is called a Hamensta¨dt metric on the punctured space ∂∞X \ {ξ} based
at ξ with the parameter ε.
2.3. Quasihyperbolic metric and uniform spaces. In this subsection, we al-
ways assume that (X, d) is a noncomplete rectifiably connected metric space. The
quasihyperbolic length of a rectifiable curve γ in X is the number:
ℓk(γ) =
∫
γ
ds(z)
d(z)
,
where d(z) denotes the distance from z to the boundary ∂X of X . For any z1, z2 in
X , the quasihyperbolic distance k(z1, z2) between z1 and z2 is defined by
(2.4) k(z1, z2) = inf{ℓk(γ)},
where the infimum is taken over all rectifiable curve γ joining z1 and z2 in X .
For later use, we need the following elementary estimates in [1, (2.4)].
(2.5) k(x, y) ≥ log
(
1 +
d(x, y)
min{d(x), d(y)}
)
:= j(x, y) ≥
∣∣∣ log d(x)
d(y)
∣∣∣.
We remark that we do not assume the metric space X is locally compact. So in
general, the quasihyperbolic metric is a length metric but not geodesic. To this end,
we need the following notion to replace geodesic segment by a short curve.
Let ǫ ≥ 0, a curve α joining x and y in X is called ǫ-short if
ℓk(α) ≤ k(x, y) + ǫ.
It is not hard to see that every subcurve of an ǫ-short curve is also ǫ-short.
Definition 2.3. Let A ≥ 1. A noncomplete metric space (X, d) is called A-uniform
provided each pair of points x, y in X can be joined by a rectifiable curve γ satisfying
(1) ℓ(γ) ≤ Ad(x, y), and
(2) min{ℓ(γ[x, z]), ℓ(γ[z, y])} ≤ Ad(z) for all z ∈ γ.
Moreover, γ is called an A-uniform curve.
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We also need the following result established by Buckley and Herron which is
needed in the sequel, see [5, Corollary 3.3].
Lemma 2.1. Let (X, d) be an A-uniform metric space. Then for all x, y in X,
there is a constant B = B(A) such that any ǫ-short curve in X connecting x and y
is B-uniform provided ǫ ≤ ǫ0, where ǫ0 = min{k(x, y), 1}.
Finally, we record the following fact demonstrated by Bonk, Heinonen and Koskela
in [1].
Lemma B. ([1, Lemma 2.13]) Let (X, d) be an A-uniform space. Then for all x,
y ∈ X, we have
(2.6) k(x, y) ≤ 4A2 log
(
1 +
d(x, y)
min{d(x), d(y)}
)
.
2.4. Hyperbolization metric. In [21], Ibragimov introduced a new metric that
hyperbolizes (in the sense of Gromov) all noncomplete metric spaces, which is rough
quasi-isometric to the quasihyperbolic metric on uniform metric space.
Let (X, d) be a noncomplete metric space. We define the hyperbolization metric
h of X as
(2.7) h(x, y) = 2 log
d(x, y) + max{d(x), d(y)}√
d(x)d(y)
,
for all x, y ∈ X.
We also recall the definition of another hyperbolic type metric which is related
to the hyperbolization metric h. That is, for all x, y in a noncomplete metric space
(X, d), we define
(2.8) j˜(x, y) =
1
2
log
(
1 +
d(x, y)
d(x)
)(
1 +
d(x, y)
d(y)
)
.
Next, we give certain auxiliary results about this metric which are useful in the
following discussions.
Theorem C. Let (X, d) be a noncomplete metric space.
(1) ([21, Theorem 2.1]) The space (X, h) is δ-hyperbolic with δ = log 4,
(2) ([21, Theorem 3.1]) For all x, y ∈ X, 2j˜(x, y) ≤ h(x, y) ≤ 2j˜(x, y) + 2 log 2,
(3) ([22, Theorem 3.1]) The boundary at infinity ∂hXof (X, h) is naturally equiv-
alent to its metric boundary ∂X(∂X ∪ {∞} if X is unbounded).
3. The proofs of Theorem 1.1 and Corollary 1.1
3.1. The proof of Theorem 1.1. We see from Theorem C that (X, h) is δ-
hyperbolic with δ = log 4 and there is a natural bijective map
ϕ : ∂hX → ∂X ∪ {∞}
with ϕ(∞) = ξ for some point ξ ∈ ∂hX . Let hb,ε be a Hamensta¨dt metric on the
punctured Gromov boundary ∂hX \ {ξ} with b = bw,ξ ∈ Bh(ξ), w ∈ X and the
parameter 0 < ε ≤ ε0(δ).
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To prove Theorem 1.1, it suffices to show that
ϕ : (∂hX \ {ξ}, hb,ε)→ (∂X, d)
is η-quasisymmetric for some function η depending only on ε. Since the inverse
map of quasisymmertic is also quasisymmetric, we only need to check that ϕ−1 is
η-quasisymmetric.
To this end, we first observe from a direct computation that for all x, y ∈ X ,
(x|y)w =
1
2
(
h(x, w) + h(y, w)− h(x, y)
)
(3.1)
= log
[d(w, x) + max{d(w), d(x)}][d(w, y) + max{d(w), d(y)}]
d(w)[d(x, y) + max{d(x), d(y)}]
.
Fix three distinct points x, y, z ∈ ∂X . Take sequences {xn}, {yn}, {zn} in X
converging in the metric d to the points x, y, z, respectively. Also, choose a sequence
{un} in X such that d(un, p) → ∞ as n → ∞, for all p ∈ X . Thus again by
Theorem C, {un} is a Gromov sequence in the hyperbolic space (X, h) with {un} ∈ ξ.
Also, we see that {xn} ∈ x, {yn} ∈ y, {zn} ∈ z. Here and hereafter, we consider
∂hX \ {ξ} = ∂X as a set.
Moreover, by (2.2) and Lemma A, we have for n large enough,
(xn|zn)b − (xn|yn)b(3.2)
.
=C(δ) (xn|zn)w − (ξ|zn)w − (xn|yn)w + (yn|ξ)w
.
=C(δ) (xn|zn)w − (un|zn)w − (xn|yn)w + (yn|un)w,
On the other hand, we compute by (3.1) that
e(xn|zn)w−(un|zn)w−(xn|yn)w+(yn|un)w
=
d(xn, yn) + max{d(xn), d(yn)}
d(xn, zn) + max{d(xn), d(zn)}
·
d(un, zn) + max{d(un), d(zn)}
d(un, yn) + max{d(un), d(yn)}
≤
[d(xn, yn)
d(xn, zn)
+
max{d(xn), d(yn)}
d(xn, zn)
]
·
[
1 +
2d(yn, zn)
d(un, yn) + d(un)
]
.
This together with (3.2) and [7, Lemma 3.2.4] shows that there is a constant C1 =
C1(δ) such that
(3.3) e(x|z)b−(x|y)b ≤ C1
d(x, y)
d(x, z)
.
Thus by (2.3) and (3.3), we obtain
hb,ε(x, y)
hb,ε(x, z)
≤ 2eε[(x|z)b−(x|y)b] ≤ 2Cε1
(d(x, y)
d(x, z)
)ε
.
Let C = 2Cε1 and η(t) = Ct
ε. This implies that ϕ is η-quasisymmetric, as desired.

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3.2. Our goal of this part is to prove Corollary 1.1. Following [2], we begin with
the definition of a class of mappings between metric spaces.
Let (X, d) and (X ′, d′) be two metric spaces, and let λ > 0, µ ≥ 0. A mapping
f : X → X ′ is said to be a (λ, µ)-rough similarity, if every point x′ ∈ X ′ has distance
at most µ from f(X) and for all x, y ∈ X , we have
λd(x, y)− µ ≤ d′(f(x), f(y)) ≤ λd(x, y) + µ.
To prove Corollary 1.1, we also need the following auxiliary lemma. Note that
the spaces in Lemma 3.1 below are not assumed to be geodesic.
Lemma 3.1. Let λ > 0, µ, δ ≥ 0, and let f : X → X ′ be a (λ, µ)-rough similarity
from a δ-hyperbolic space (X, d) to a metric space (X ′, d′). Then X ′ is δ′-hyperbolic
for some constant δ′ = δ′(λ, µ, δ) and f induces an η-quasisymmetric bijective map
∂f : (∂∞X \ {ξ}, db,ε)→ (∂∞X
′ \ {ξ′}, d′b′,ε′)
with η depending only on λ, µ, δ, ε and ε′, where db,ε and d
′
b′,ε′ are Hamensta¨dt metrics
on ∂∞X\{ξ} and ∂∞X
′\{ξ′} with b = bξ,o, b
′ = b′ξ′,o′, o ∈ X, o
′ ∈ X ′ and ξ′ = ∂f(ξ),
respectively.
Proof. We first prove that
Claim 3.1. X ′ is δ′-hyperbolic for some constant δ′ = δ′(λ, µ, δ).
This can be seen as follows. For all points x′1, x
′
2, x
′
3, p
′ ∈ X ′, since f is (λ, µ)-rough
similar, we see that there are points x1, x2, x3, p ∈ X such that
max
i=1,2,3
d′(f(xi), x
′
i) ≤ µ and d
′(f(p), p′) ≤ µ.
Thus a direct computation gives that
(3.4) (x′i|x
′
j)p′
.
=C(µ) (f(xi)|f(xj))f(p)
.
=C(µ) λ(xi|xj)p,
for all i 6= j ∈ {1, 2, 3}. Moreover, since X is δ-hyperbolic, we get by (3.4) that
(x′1|x
′
3)p′
.
=C(µ) λ(x1|x3)p
≥ λmin{(x1|x2)p, (x2|x3)p} − λδ
.
=C(λ,µ) min{(x
′
1|x
′
2)p′, (x
′
2|x
′
3)p′} − λδ,
as desired.
Secondly, we check that
Claim 3.2. f induces a well-defined bijective map ∂f : ∂∞X → ∂∞X
′.
To this end, fix a base point o ∈ X . For any Gromov sequence {xi} ⊂ X . Since
f is (λ, µ)-rough similarity, we compute
(f(xi)|f(xj))f(o)
.
=C(µ) λ(xi|xj)o →∞, as i, j →∞.
Thus, we find that the sequence {f(xi)} is also a Gromov sequence in the hyperbolic
spaceX ′. Moreover, if {xi} and {yi} are equivalent Gromov sequences inX , a similar
argument as above shows that {f(xi)} and {f(yi)} are also equivalent.
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Therefore, we get a well-defined map (induced by f)
∂f : ∂∞X → ∂∞X
′
with ∂f(a) = a′, for all a ∈ ∂∞X and {xi} ∈ a, where a
′ ∈ ∂X ′ is the equivalence
class of {f(xi)}.
Next, we show that ∂f is injective. If ∂f(a1) = ∂f(a2), thus for any Gromov
sequences {xi} ∈ a1 and {yi} ∈ a2, we obtain
λ(xi|yi)o
.
=C(µ) (f(xi)|f(yi))f(o) →∞ as i→∞,
because f is (λ, µ)-rough similar. This implies that a1 = a2, as desired.
We also need to verify that ∂f is surjective. For a given point a′ ∈ ∂∞X
′, take a
Gromov sequence {x′i} ∈ a
′. Thus for each i, there is some point xi ∈ X such that
d′(f(xi), x
′
i) ≤ µ. Moreover, since f is (λ, µ)-rough similar, we compute
λ(xi|xj)o
.
=C(µ) (f(xi)|f(xj))f(o)
.
=C(µ) (x
′
i|x
′
j)f(o).
It follows that both {xi} and {f(xi)} are Gromov sequences with {xi} ∈ a for some
point a ∈ ∂∞X . Since
(f(xi)|x
′
i)f(o) ≥ d
′(f(o), x′i)− µ→∞
as i→∞, we know that {f(xi)} ∈ a
′, which implies that ∂f(a) = a′. Hence we are
done and get a well-defined bijective map ∂f : ∂∞X → ∂∞X
′.
Finally, it remains to show that
Claim 3.3. ∂f : (∂∞X \ {ξ}, db,ε)→ (∂∞X
′ \ {ξ′}, d′b′,ε′) is η-quasisymmetric.
Fix three distinct points x, y, z ∈ ∂∞X \ {ξ}. Choose Gromov sequences {xn} ∈
x, {yn} ∈ y, {zn} ∈ z, {un} ∈ ξ, respectively. Thus from the definition of ∂f it
follows that {f(xn)} ∈ ∂f(x) = x
′, {f(yn)} ∈ ∂f(y) = y
′, {f(zn)} ∈ ∂f(z) =
z′, {f(un)} ∈ ∂f(ξ) = ξ
′, respectively.
Moreover, by (2.2) and Lemma A, we have for n large enough,
(xn|yn)b − (xn|zn)b(3.5)
.
=C(δ) (xn|yn)o − (ξ|yn)o − (xn|zn)o + (zn|ξ)o
.
=C(δ) (xn|yn)o − (un|yn)o − (xn|zn)o + (zn|un)o.
Since f is (λ, µ)-rough similar and {f(un)} ∈ ∂f(ξ) = ξ
′, again by (2.2), Lemma A
and (3.5), we have for n large enough,
(f(xn)|f(yn))b′ − (f(xn)|f(zn))b′(3.6)
.
=C(δ) (f(xn)|f(yn))o′ − (f(yn)|f(un))o′ − (f(xn)|f(zn))o′ + (f(un)|f(zn))o′
.
=C(δ) (f(xn)|f(yn))f(o) − (f(yn)|f(un))f(o) − (f(xn)|f(zn))f(o) + (f(un)|f(zn))f(o)
.
=C(δ,λ,µ) λ[(xn|yn)o − (un|yn)o − (xn|zn)o + (zn|un)o]
.
=C(δ,λ,µ) λ[(xn|yn)b − (xn|zn)b],
Therefore, by (3.6) and [7, Lemma 3.2.4], we find that
(3.7) (x′|y′)b′ − (x
′|z′)b′
.
=C(δ,λ,µ) λ[(x|y)b − (x|z)b].
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Furthermore, by (2.3) and (3.7), we obtain
d′b′,ε′(x
′, y′)
d′b′,ε′(x
′, z′)
≤ 2eε
′[(x′|y′)b′−(x
′|z′)b′ ]
≤ C1e
λε′[(x|y)b−(x|z)b]
≤ C2
[db,ε(x, y)
db,ε(x, z)
]λε′/ε
,
where C1 and C2 are constants depending only on λ, µ, δ, ε and ε
′. Let η(t) =
C2(t)
λε′/ε. Thus one immediately see that ∂f is η-quasisymmetric.
Hence Lemma 3.1 is proved. 
The proof of Corollary 1.1. We first see from Theorem C that (X, h) is δ-
hyperbolic with δ = log 4 and the identity map (X, h)→ (X, j˜) is (2, 2 log 2)-rough
similarity. Then it follows from Lemma 3.1 that (X, j˜) is δ′-hyperbolic for some
positive number δ′ and the identity map induces an η1-quasisymmetric bijective
map
ψ : (∂j˜X \ {ξ}, j˜b,ε)→ (∂hX \ {ξ
′}, hb′,ε′)
with η1 depending only on ε and ε
′, where j˜b,ε and hb′,ε′ are Hamensta¨dt metrics on
the punctured boundaries at infinity ∂j˜X \{ξ} and ∂hX \{ξ
′} with b = bξ,o ∈ Bj˜(ξ),
b′ = b′ξ′,o′ ∈ Bh(ξ
′), o ∈ X , o′ ∈ X ′ and ξ′ = ψ(ξ), respectively.
On the other hand, by Theorem 1.1 we find that there is a natural η2-quasisymmetric
map
ϕ : (∂hX \ {ξ
′}, hb′,ε′)→ (∂X, d),
where ϕ(∞) = ξ′ and the function η2 depends only on ε
′.
Therefore, we obtain a natural η-quasisymmetric map
ϕ˜ = ϕ ◦ ψ : (∂j˜X \ {ξ}, j˜b,ε)→ (∂X, d)
with ϕ˜(∞) = ξ and η = η2 ◦ η1, because the composition of quasisymmetric maps is
also quasisymmetric.
Hence the proof of Corollary 1.1 is complete. 
4. The proofs of Theorem 1.2 and Corollary 1.2
4.1. Hyperbolizing unbounded uniform spaces. In this subsection, we always
assume that (X, d) is an unbounded A-uniform metric space for some constant A ≥ 1
and k is the quasihyperbolic metric of X . we begin with a non-locally compact
version of [1, Theorem 3.6] and a metric version of [29, Theorem 2.12], i.e., the
Gromov hyperbolicity of an uniform space with respect to its quasihyperbolic metric.
By Lemma 2.1, we see that for every pair of points in a uniform space, there is a 1-
short curve γ joining them such that γ is a uniform curve, which, in the remainder of
this section, is briefly called a 1-short uniform arc. Thus replacing “2-neargeodesic”
by “1-short uniform curve”, the similar reasoning as in the proof of [29, Theorem
2.12] shows that the following result holds true.
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Lemma D. Let (X, d) be an A-uniform metric space and k its quasihyperbolic met-
ric. Then (X, k) is δ-hyperbolic with δ = δ(A).
Since the space (X, d) is not assumed to be locally compact, (X, k) is a length
metric space but not geodesic. Thus, we need the following standard estimate es-
tablished by Va¨isa¨la¨ for length Gromov hyperbolic spaces.
Lemma E. ([30, 2.33]) Suppose that (X, k) is δ-hyperbolic and that α is a quasihy-
perbolic ǫ-short curve connecting x to y. Then for all p ∈ X, we have
(4.1) k(p, α)− 2δ − ǫ ≤ (x|y)p ≤ k(p, α) +
ǫ
2
.
Note that here,
(x|y)p =
1
2
[k(x, p) + k(y, p)− k(x, y)].
Moreover, we need the following metric version of [29, Lemma 2.22] for later use.
Lemma 4.1. The natural map ϕ : ∂kX → ∂X exists if and only if every Gromov
sequence in X has a limit in metric topology, where ∂kX is the boundary at infinity
of δ-hyperbolic space (X, k).
The following result is also a metric version of [29, Lemma 2.25]. The proof follows
the same line and for completeness we show the details.
Lemma 4.2. Let (X, d) be an unbounded A-uniform metric space and k its quasihy-
perbolic metric. For all p ∈ X and a ∈ ∂X ∪{∞}, we have (x|y)p →∞ as x, y → a
in X in the metric topology.
Proof. We first assume that a ∈ ∂X . Let r > 0 and x, y ∈ B(a, r)∩X . By Lemma
2.1, there is a 1-short B-uniform curve α joining x and y with B = B(A). Fix
z ∈ α. By the standard estimate (4.1), we know that it suffices to find an estimate
k(p, z) ≥M(r) with
M(r)→∞ as r → 0.
To this end, since α is B-uniform and a ∈ ∂X , we compute
d(z) ≤ d(z, a) ≤ d(z, x) + d(x, a) ≤ Bd(x, y) + r ≤ (2B + 1)r.
This implies that
k(p, z) ≥ log
d(p)
d(z)
≥ log
d(p)
(2B + 1)r
= M(r),
as required.
We are thus left to consider the case a = ∞. Choose a point b ∈ ∂X and let
R > Bd(b, p). For x, y ∈ X \ B(p, R), by Lemma 2.1, there is a 1-short B-uniform
curve β connecting x to y. Fix z ∈ β. Again by the standard estimate (4.1), we
only need to show that
k(z, p) ≥M(R)→∞ as R→∞.
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Since β is B-uniform, we get
R− d(z, p) ≤ min{d(x, z), d(z, y)} ≤ Bd(z) ≤ Bd(z, b) ≤ Bd(b, p) +Bd(p, z),
and therefore,
d(z, p) ≥
R− Bd(b, p)
1 +B
.
This guarantees that
k(z, p) ≥ log
(
1 +
d(p, z)
d(p)
)
≥ log
(
1 +
R− Bd(b, p)
(1 +B)d(p)
)
= M(R),
as desired.
Hence the proof of this lemma is complete. 
To prove Theorem 1.2, we also need the following auxiliary lemma. The proof is
the same as [29, Lemma 2.30].
Lemma 4.3. Let (X, d) be an unbounded A-uniform metric space and a, b, u ∈ X
with d(a, b) ≤ 1
2
d(a, u). Let α and β be 1-short B-uniform curves connecting a to u
and b, respectively. Define a point v in α by
ℓ(α[a, v]) = d(a, b).
Then we have
k(v, u)
.
=C(A) k(u, β).
4.2. The proof of Theorem 1.2. By Lemma D, we know that (X, k) is δ-
hyperbolic for some constant δ = δ(A) ≥ 0, where k is the quasihyperbolic metric
of X . We first prove the existence of the natural map
ϕ : ∂kX → ∂X ∪ {∞}.
To this end, let p ∈ X and let {xi} be a Gromov sequence in the δ-hyperbolic
space (X, k). By Lemma 4.1, we only need to show that {xi} has a limit in d-metric
topology. We divide the proof into two cases based on boundedness of this sequence.
Case A: {xi} is bounded.
In this case, it suffices to verify that {xi} is a Cauchy sequence in (X, d). For any
i 6= j, set d(xi, xj) := tij. And by Lemma 2.1, there is a 1-short B-uniform curve
γi,j joining xi and xj. Then take some point z in γi,j with
(4.2) ℓ(γ[xi, z]) =
1
2
tij .
Since γi,j is B-uniform, we have
d(z) ≥
1
B
ℓ(γ[xi, z]) =
1
2B
tij .
Moreover, since {xi} is bounded, there is a positive number M > 0 such that for
all positive integer i,
d(xi, p) ≤M.
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Thus by (4.2), we compute
d(z, p) ≤ d(z, xi) + d(xi, p) ≤
1
2
(d(xi, p) + d(xj , p)) + d(xi, p) ≤ 2M,
and therefore by (2.6) and (4.1), we get
(xi|xj)p ≤ k(p, z) +
1
2
≤ 4A2 log
(
1 +
d(p, z)
min{d(p), d(z)}
)
+
1
2
≤ 4A2 log
(
1 +
2M
min{d(p), tij/2B}
)
+
1
2
.
Since (xi|xj)p →∞ as i, j →∞, it follows that tij → 0, which shows that {xi} is a
d-Cauchy sequence.
Case B: {xi} is unbounded.
In this case, we show that d(xi, p) → ∞. Suppose on the contrary that there is
some R > 0 such that d(xi, p) ≤ R for infinitely many i. Let xs, xt ∈ {xi} with
d(xs, p) ≤ R and d(xt, p) ≥ 3R. Again by Lemma 2.1, there is a 1-short B-uniform
curve β joining xs and xt. Choose a point z ∈ β with d(z, p) = 2R. Since β is
B-uniform, we have
d(z) ≥
1
B
min{ℓ(β[xs, z]), ℓ(β[xt, z])} ≥
R
B
.
This together with (2.6) gives that
k(p, β) ≤ k(p, z) ≤ 4A2 log
(
1 +
2R
min{d(p), R
B
}
)
:= R0.
Again by (4.1), we get
(xs|xt)p ≤ R0 + 1.
This contradicts with the fact that {xi} is a Gromov sequence. Hence, we have
proved that the natural map ϕ exists.
Next, we check the injectivity of ϕ. Towards this end, we let x, y ∈ ∂kX with
ϕ(x) = ϕ(y) = a and let {xi} ∈ x and {yj} ∈ y be Gromov sequences. By Lemma
4.2, we know that {xi} is equivalent to {yj}. Hence x = y. We also need to verify
that ϕ is surjective. Let a ∈ ∂X and choose a sequence {xi} in X converging to a
in the metric topology. Again by Lemma 4.2, we have (xi|xj)p → ∞ as i, j → ∞.
Thus {xi} is a Gromov sequence and ϕ(x) = a. It follows that ϕ is surjective.
Since the inverse map of quasisymmertic is also quasisymmetric, we only need to
verify φ−1 is η-quasisymmetric. For any distinct points x, y, z ∈ ∂X with d(x, y) =
td(x, z), it remains to seek an estimate
kb,ε(x, y) ≤ η(t)kb,ε(x, z),
where kb,ε is a Hamensta¨dt metric on the punctured boundary at infinity ∂kX \ {ξ}
with b = bξ,o ∈ Bk(ξ), ξ = φ(∞) and some parameter 0 < ε ≤ ε0(δ).
Fix three distinct points x, y, z ∈ ∂X . Take sequences {xn}, {yn}, {zn} in X
converging in the metric d to the points x, y, z, respectively. Also, choose a sequence
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{un} in X such that d(un, p) → ∞ as n → ∞, for all p ∈ X . Thus by the
arguments in Case B, {un} is a Gromov sequence with {un} ∈ ξ. Also, we see that
{xn} ∈ x, {yn} ∈ y, {zn} ∈ z. Here and hereafter, we consider ∂kX \ {ξ} = ∂X as a
set.
Thus by (2.2), we have
(4.3) (xn|zn)b − (xn|yn)b
.
=C(δ) (xn|zn)o − (ξ|zn)o − (xn|yn)o + (yn|ξ)o.
Moreover, by Lemma A, we have for n large enough,
(xn|zn)o − (ξ|zn)o − (xn|yn)o + (yn|ξ)o(4.4)
.
=C(δ) (xn|zn)o − (un|zn)o − (xn|yn)o + (yn|un)o
= (xn|zn)un − (xn|yn)un .
Then by (2.3), (4.3) and (4.4), for n large enough, we see that there is a constant
C1 = C1(δ) such that
(4.5) Tn :=
kb,ε(xn, yn)
kb,ε(xn, yn)
≤ 2eε[(xn|zn)b−(xn|yn)b] ≤ C1e
ε[(xn|zn)un−(xn|yn)un ]
Fix n ∈ N+ large enough, we let
sn = (xn|zn)un − (xn|yn)un and tn =
d(xn, yn)
d(xn, zn)
.
Since the sequence {un} d-converges to∞, we may assume with no loss of generality
that
(4.6) max{d(xn, yn), d(xn, zn)} ≤
1
2
d(xn, un).
Furthermore, by Lemma 2.1, we find that there are 1-shortB-uniform curves αn, βn, γn
connecting xn to the points un, yn, zn, respectively. Then by (4.6), we can pick two
points bn, cn in αn such that
(4.7) ℓ(α[xn, bn]) = d(xn, yn) and ℓ(α[xn, cn]) = d(xn, zn),
respectively. Since αn is B-uniform, we get
(4.8) d(bn) ≥
1
B
d(xn, yn) and d(cn) ≥
1
B
d(xn, zn).
In the following, we consider two possibilities.
Case 4.1. t ≥ 1.
In this case, we may assume tn ≥ 1/2 for n large enough, because tn → t as
n→∞. Thus we have
d(xn, yn) ≥
1
2
d(xn, zn),
from which and (4.8) it follows that
(4.9) min{d(bn), d(cn)} ≥
1
2B
d(xn, zn).
Moreover, by (4.7) we get
d(bn, cn) ≤ d(bn, xn) + d(xn, cn) ≤ d(xn, yn) + d(zn, xn) ≤ 3d(xn, yn).
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Thus it follows from (4.9) and Lemma B that
k(bn, cn) ≤ 4A
2 log(1 +
d(bn, cn)
min{d(bn), d(cn)}
) ≤ 4A2 log(1 + 6Btn).
Therefore, by (4.1) and Lemma 4.3, we obtain
sn = (xn|zn)un − (xn|yn)un
.
=C(δ) k(un, γn)− k(un, βn)
.
=C(A) k(un, cn)− k(un, bn)
≤ k(bn, cn) ≤ 4A
2 log(1 + 6Btn).
This together with (4.5) shows that there is a constant C2 = C2(A, ε) such that
Tn ≤ C2e
ε4A2 log(1+6Btn).
By taking n→∞, we see from [7, Lemma 3.2.4] that there is a constant C = C(A, ε)
such that
kb,ε(x, y)
kb,ε(x, z)
≤ Ct4A
2ε,
as desired.
Case 4.2. 0 < t < 1.
We may assume tn ≤ 1 for n large enough in this case. Thus by our choice of bn
and cn in the curve αn, we find that
cn ∈ αn[bn, un].
Moreover, since αn is 1-short, again by (4.1) and Lemma 4.3, we have
(4.10) sn
.
=C(A) k(un, cn)− k(un, bn)
.
= −k(bn, cn).
On the other hand, by (4.8) and (4.7), we compute
d(bn) ≤ d(bn, x) ≤ d(bn, xn) + d(xn, x) ≤ d(xn, yn) + d(xn, x).
Since d(xn, x) → 0 as n → ∞, for n large enough we may assume d(xn, x) ≤
d(xn, yn). Therefore, we get
−k(bn, cn) ≤ log
d(bn)
d(cn)
≤ log
2Bd(xn, yn)
d(xn, zn)
= log 2Btn.
It follows from (4.5) and (4.10) that there is a constant C3 = C3(A, ε) such that
Tn ≤ C3e
ε log 2Btn .
Letting n → ∞, again by [7, Lemma 3.2.4], we find that there is a constant C =
C(A, ε) such that
kb,ε(x, y)
kb,ε(x, z)
≤ Ctε,
as required.
Hence the proof of Theorem 1.2 is complete. 
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4.3. The proof of Corollary 1.2. Note that because the necessity follows from
Theorem 1.2, we only need to show the sufficiency. Assume that (D, k) is δ-
hyperbolic and there is a natural η-quasisymmetric map
φ : (∂kD \ {ξ}, kb,ε)→ (∂D, | · |),
where ∂kD \ {ξ} is the punctured boundary at infinity of hyperbolic space (D, k)
equipped with a Hamensta¨dt metric kb,ε and b = bξ,o ∈ Bk(ξ) is a Busemann function
with φ(∞) = ξ. We check the uniformity condition of D.
First, by [29, Theorem 3.27], we see that it suffices to prove that there is a natural
θ-quasimo¨bius bijection
φ˜ : (∂kD, kp,ǫ)→ (∂D ∪ {∞}, | · |),
where kp,ǫ is a visual metric on ∂kD with the base point p ∈ D and the parameter
ǫ ≤ min{1, 1
5δ
}.
The existence of such a natural map φ : ∂kD → ∂D ∪ {∞} follows from the
assumption and what remains to show is that the identity map
(∂kD, kp,ǫ)→ (∂kD, kb,ε)
is θ0-quasimo¨bius, because we have assumed that φ : (∂kD \ {ξ}, kb,ε) → (∂D, | · |),
is η-quasisymmetric and the composition of quasisymmetric and quasimo¨bius maps
are also quasimo¨bius.
For any distinct points x, y, z, w ∈ ∂kD, we denote the cross ratio of these four
points associated to the metric kp,ǫ by
t = |x, y, z, w|kp,ǫ.
Choose Gromov sequences {xn} ∈ x, {yn} ∈ y, {zn} ∈ z, {wn} ∈ w, respectively. By
(2.2), we compute
(xn|yn)b + (zn|wn)b − (xn|zn)b − (wn|yn)b
.
=C(δ) (xn|yn)o + (zn|wn)o − (xn|zn)o − (wn|yn)o
= (xn|yn)p + (zn|wn)p − (xn|zn)p − (wn|yn)p.
Thus by [7, Lemma 3.2.4] and Lemma A, it follows that
(x|y)b + (z|w)b − (x|z)b − (w|y)b
.
=C(δ) (x|y)p + (z|w)p − (x|z)p − (w|y)p.
Therefore, by way of (2.1) and (2.3), we find that there is a constant C = C(δ) such
that
|x, y, z, w|kb,ε =
kb,ε(x, z)kb,ε(y, w)
kb,ε(x, y)kb,ε(z, w)
≤ 4eε[(x|y)b+(z|w)b−(x|z)b−(w|y)b]
≤ Ceε[(x|y)p+(z|w)p−(x|z)p−(w|y)p]
≤ 4C
[kp,ε(x, z)kp,ε(y, w)
kp,ε(x, y)kp,ε(z, w)
]ε/ǫ
= 4Ctε/ǫ,
as desired.
Hence the proof of this corollary is complete. 
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